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Abstract: In this paper we wish to construct a new invertible non-

. ] . ) linear wavelet filter bank by connecting the two concepts
In this paper we introduce a new construction of nonlinear uf he |ifing scheme and the discrete nonlinear diffusion.

locally adaptive wavelet filter banks by connecting the lift- The main goal is to adapt the local geometry of images

ing scheme with the idea of image smoothing by nonlinear g itaply, in order to obtain highly efficient sparse image
diffusion methods. representations.

1. Introduction 2. Lifting and Nonlinear Diffusion

A crucial problem in data analysis is to construct effi- 2.1 The Lifting Scheme
cient low-level representations, thereby providing a pre- The typical lifting scheme consists of three steps: Split,
cise characterization of features which compose it, such adredict and Update.

edges and texture components. Fortunately, in many relq. Split. Usually, in this step, the given data is split into

evant applications, the components of given multidimen- even and odd Components_ LAdt € N be of the form
sional data are not independent, and the strong correlationy — 2!, with I, » € N. For a given digital image of the
between neighboring data points can be suitably exploitedform a = (a(i, 5))N,-} € R¥*Y, we split the data into
In the two-dimensional case, tensor-product wavelets arethe following two sets of equal size,

not optimal for representing geometric structures because

their support is not adapted to directional geometric prop- a® = (ai,j)»f\_’[j;loyi+j everr
erties. o ._ N—-1
a = (ai,j)i,jzo,iJrj odd>

Instead of choosing a priori a basis or a frame to approx-
imate the image, one can try to adopt the approximationand we denote the componentsasfanda® by af ; and
scheme to the image geometry. Within the last years, dif-af ;, respectively. The data set$ anda® split the image
ferent approaches have been developed in this directiong like a checkerboard.

see e.g. [1,4,5,7,10, 12, 13]. In particular, the construc- - predict. The goal of the prediction step is to find a
tion of non-linear filter banks by the lifting scheme has 4504 approximation® of the datau® of the form

been proposed already in [4, 8]. Since that time, there have

been different attempts to construct adaptive and direc- a’ = Py(a®) + P2(a®).

tional lifting based, invertible transforms for sparse image

representation, see [2, 5, 6, 9, 12]. The liting scheme forHere Py and P, can be nonlinear operators. Afterwards,
representation of wavelet filter banks has originally beenWe consider the residual

suggested and analyzed by Sweldens [16]. It provides a o 0 ~o o o .

flexible tool for the construction of new nonlinear wavelet d?:=a” —a° = a® — (Py(a®) + Pp(a”)).

filter banks. The main feature of lifting is that it provides \ye have to assume that the mappiag, a®) — (a¢,d°)
an entirely spatial-domain interpretation of the transform. g invertible, i.e., the operatdr— P, needs to be invertible
Besides wavelet shrinkage, other approaches like regularfor arpitrary data:®. The operators® and P, need to be
ization techniques and PDE-based methods (as nonlineaghosen such that the residuélis very small.

diffusion) have been shown to be powerful tools in sig- 3. Update. In the third step, we aim to find a smoothed

nal apq Image restoration N Image processing, e'g".forapproximation of the datef that can be regarded as a low-
denoising purposes. In particular, the choice of nonlin-

ear diffusion filters leads to impressive results by remov- pass filtered and subsampled version of the original image

S - ) .~ a. The general update has the form

ing insignificant, small-scale variations while preserving

important features such as discontinuities [3, 11, 17, 18]. a¢ == Uy (d°) + Us(a®)

In [15], certain connections between explicit discrete one-

dimensional schemes for non-linear diffusion and shift- with (possibly nonlinear) operatot$, andU,, where we
invariant Haar wavelet shrinkage have been established. again want to assume the invertibility of the mapping



(a®,d°) — (a%,d°), i.e.,Us is assumed to be invertible We use a discretization of the form

such that
a® = Uy Ha® — Uy (d°)) ugy " — ul k k 1y, k k
2 ! ’ - = g(luitq,; — ui ;) (ugpr j — uiy)
The complete scheme is illustrated in Figure 1. & % & %
—Q(Wi,j - uifl,j|)(ui,j — Ui j)

k k k X
a e o +g(lui j1 —wi i) (w1 — i ;)
—g(luf; —uf ;D — i), (2)
o — g\ 5 i,j—1 i,J i,j—1/)s
- I-P d whereu! ; := a;; fori,j = 0,..., N —1. Here,k denotes

the iteration step and is the step size of time discretiza-
tion. In our numerical examples we will use the step size
Figure 1: lllustration of the nonlinear filter bank using the ~ = 1/4.

lifting scheme.

3. The Nonlinear Diffusion Filter Bank
2.2 Nonlinear Diffusion

: e Now we want to apply the nonlinear diffusion filter for
The nonlinear diffusion has been shown to be a very suc- : - .
. L the construction of prediction and update operators in the
cessful model for image denoising. Far= (0, N7) x

: - . lifting scheme, in order to obtain a new sparse represen-
(0, N1) we consider the diffusion equation tation of images. The nonlinear filter bank should satisfy
u ) the following demands.
3¢ = dv (9(|VU|) VU) onQ2x (0,00) (1) 1. Forlinear (bivariate) polynomials, the residdafound
) . o o in the prediction step should vanish. This condition is
with a given noisy image as initial state equivalent with two vanishing moments of the high-pass
— filter in a wavelet filter bank.
u(@,0) =a(z), zef 2. Near discontinuities (edges) ofthe residuatl® should
and with Neumann boundary conditioé = 0 ongq. ~ remain small. _
Here,Vu = (ug,, uz,)’ = (0u/dz1,0u/0z2)T denotes 3. The dataa® should be a suitable (downsampled) ap-
the gradient ofi, and|Vu| := m prquatlon of the image with gpod Iow—pa;s filter prop-
The timet in (1) is a scale parameter. Increasingor- erties in smooth areas afand without blurring of edges.
responds to stronger filtering. The diffusivity function
¢(|Vu|) is a non-negative function that determines the 3.1 Choice of the Prediction Operator
amount of diffusion. It is decreasing {Vu| in order to  ysing equation (2) with the notation$ ; == ul , a2, :=
ensure that strong edges are hardly blurred by the dif- 1 fori+j odd, andut . = u? . fori+7j even: we obtain
fusion filter while small variations (noise) are smoothed "’ b

much stronger. Frequently used bounded diffusivities are zo = _— 0 4 e 40 e g0
N ij Qi 9(laiy1; —a?;1)(afyq; —ai;)
the Perona-Malik diffusivity 7 7 [ H’J . i 7

+g(lai_y ; —ai;)(ai_1 ; — a7 ;)
g(z) = ﬁ) +9(lag 11 — a7 ;D(ag 11 —a?y)
T/ +g(as ;1 —af;D(as ;1 —a? ;)]
or the Weickert diffusivity A prediction could now be of the form
1 T = 0’ ] o ~
g(z) = —3.315 di; = ag; — ag;
{ l—exp((x/)\)4) x>0, 1
see [14, 17]. One may also take a “robust” diffusivity of _T[ M;l 9(lai 00 = a2 D084 10 — %j)}.
the form i+ wl=1
1 0<z<0, . . . - . .
g(x) == 0 |z|>06 Unfortunately, with this coice of prediction the desired in-

_ ) ) _ vertibility of the mapping(a®, a®) — (a®,d°) is not guar-
as it has been used in [14] with a suitably chosen thresholdypteed since the nonlinear diffusigmlepends on the data
4 ag ;. Therefore, we replace the valugs; that are used for

K3

Replacingg(|Vul) by g(|Vus|), whereu, denotes the  the computation of the function values by the median
slightly smoothed image by convolution with the Gaus- of its four direct neighbors,

sian kernelu, := K, x u, existence and uniqueness of a

solution _of (_1) have bee_:n shown in [3]. o aj j=median{af ;11,07 ;1,45 j,ai_q ;)= meda; ;.
For application of the diffusion approach to digital images o .

we follow [11] and replace (1) by the following slightly A normalization with

modified equation 1

o gij = > (a4, — medad )
ot = 02, (9(|0z, u) Oy 1) + Oz, (9(| Oz, ul) Oz u).

p,v=—1
[nl+lv|=1



now yields the prediction
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Now,the invertibility of the prediction is ensured for> 0
and we have

1

2

pv=—
[ul+lv|=1

— d"i),j 1
T 9ij

o
@i j

9(af sy jrv—medag ;ag, , ;.-

Observe that the term;; is positive for alli, j if we take
Perona-Malik diffusivity or Weickert diffusivity. At the

application of the diffusion filter bank. Secondly, we apply
the shrinkage function

|| >0,
lz| <0,

T

So(x) == { 0

to the residual coefficients. In our numerical experiments
we will take a level-independent threshdld Finally, we
reconstruct the image with the modified residual coeffi-
cients.

4. Properties of the Diffusion Filter Bank

We can show the following

Theorem 1
Let g be a diffusivity function satisfying < g(|z|) < 1

boundary of the image, where not all four neighbors of a for z € R. The diffusion filter bank determined in Section
data point are given, we slightly change the operator and3 reproduces linear polynomials.
use only the three available neighbors in the sum (or even

only two neighbors at a vertex). Because of the normal-

ization with the (correspondingly defined constantg
the properties of the prediction operator will not change.

3.2 Choice of the Update Operator

As update operator we simply apply a linear operator of

the form

as; =v2a5 ; + 3(dfyy j +d7_y j +d7j +d7 )

Invertibility is obviously satisfied and we find

af =L (de

1
= @f = 3(dPp +diy +d i +d )

At the boundary, where; ; has only three neighbors, we
slightly change the operator. For example, fok i <
N —1andj = 0, we take

agg = \/iaf,o + %(dfﬂ,o +df 10+ d7q),

etc.. Analogously, at vertices, only two neighbors are
taken into account.

Observe that the low-pass filtered valags are amplified

by v/2 here (as it is usual also for orthogonal wavelet filter
banks).

3.3

In order to obtain a suitable sparse representation of th
digital imagea, we now iteratively apply the nonlinear

Iterative Application of the Filter Bank

Proof. We consider a linear polynomial of the form

a(x1,x2) = ap + box1 + coza, ao, by, co € R.

Let the digital image now be given by
a; ; = a(th, jh) = ag + bo ih + ¢ jh.
Then we obtain for data that are not at the boundary

meda; ; = median{ag + bo(i — 1)h + cojh, ag +
bo(i + 1)h + cojh, ap + boih + co(j — 1)h,
ag + boih + co(j + 1)h}
=ag + boih + cojh +
mediar{ —boh, boh, —coh, coh}
=ag + boih + cojh = af ;

and

o
]

1
—T
X

19(|af+u,j+u_ af,j D(af+/1,,j+v_ a?,j)
Hav=—

lpul+lvi=1
o [g(boh)(afyy ; + a§_y ; —
+g(coh)(as 4y +al;_y — 2ag;)]

2a3 j)

0.

Hence the prediction operator leadsd®; = 0 and the
update yieldsi¢ ; = /2a$ ; for all i, j with i + j even.

filter bank described above, and we use a hard thresholdrurther, one can show in case studies, that the proposed fil-

procedure to suppress small residual valies

After the first application of the filter bank, the (small)
residual datady ;, i,j = 0,...,N — 1, ¢ + j odd, are
stored and we consider only thé? /2 valuesas ;, i,j =
0,...,N — 1, i+ j even. For a second application of

the filter bank toas ;, we rename these data Ia)(gll) =
aj._; 4 Wherek =0,..., N—1andl = —min{k, N —
1—k},...,min{k, N — 1 — k}, and apply the filters now
to this data set, etc..

As usual, the complete procedure involves the following

ter bank behaves well at vertical, horizontal and diagonall
edges, i.e., the obtained residual values using the nonlinear
prediction operator remain to be small.

5. Numerical Results

We apply the above described nonlinear diffusion filter
bank in order to achieve sparse image representations.
In the experiment, we consider the monarch image. We
use the Perona-Malik diffusivity witth = 28 and with

three steps. First, we decompose the image by an iterative = 0.25. We apply 8 levels of the nonlinear filter bank,



PSNR= 26.41 dB PSNR=24.73 dB
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Figure 2: Original image Monarch (left), sparse image representation with 449 coefficients using the proposed nonlinear
diffusion filter bank (middle) and the biorthogonal filter bank with 7-9 filter (right).

i.e., there will remain 16 low-pass coefficients. For thresh- age codinglEEE Trans. Image Proces46:416-427,
olding we use the hard shrinkage function with= 13. 2007.

In Figure 2(left), we present the original image. Figure [7] D.L. Donoho. Wedgelets: Nearly minimax estimation
2(middle) shows the obtained compressed image with 449 of edgesAnn. Stat.27:859-897, 1999.

remaining coefficients using the new diffusion filter bank. [8] F.J. Hampson and J.-C. Pesquet. A nonlinear subband

For comparison, we apply 8 decomposition levels of the  decomposition with perfect reconstructiofroc.
two-dimensional biorthogonal wavelet shrinkage with the IEEE Int. Conf. Acoust., Speech, and Signal Proc.
7—9 filter with the same number of 449 remaining nonzero pages 1523-1526, 1996.

coefficients, see Figure 2(right). As we can see, the non-g] H_J.A.M. Heijmans, B. Pesquet-Popescu, G. Piella.

linear filter bank not only gives an optically better result Building nonredundant adaptive wavelets by update
but also achieves a better PSNR value (26.41 dB) while jifting. Appl. Comput. Harmon. Anal.18:252-281,

the biorthogonal filter bank achieves a PSNR 0f 24.73dB. 25,
We remark that our method is especially designed for con-[10] S. Mallat. Geometrical groupletsAppl. Comput.
structing efficient low-level representations and does not "Harmon. Anal26:161-180, 2009.

work well for image denoising. [11] P. Perona and J. Malik. Scale space and edge detec-

tion using anisotropic diffusion. Proc. IEEE Computer
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