ON AN ORTHOGONAL BIVARIATE TRIGONOMETRIC SCHAUDER
BASIS FOR THE SPACE OF CONTINUOUS FUNCTIONS

NADITA DEREVIANKO?, VITALII MYRONIUK®*, AND JURGEN PRESTIN®

ABSTRACT. In this paper we construct an orthogonal trigonometric Schauder basis in the
space C(T?) which has a small growth of the polynomial degree. The construction is mainly
based on an anisotropic PMRA. The polynomial degree is considered in terms of ;- and
loo-nnOrm.

1. INTRODUCTION

In 1914 Faber [3] showed that no polynomial set {t: k € N} with degt; < % can be a basis
for the space C(T) of continuous 27-periodic functions with the uniform norm. Thus, for a
long time it remained an open question for which minimal growth of degree the polynomial
set {tr: k € N} is a Schauder basis in the space C'(T). Many papers were devoted to this
problem producing Schauder bases with smaller and smaller growth of the polynomial degree.
An exhaustive review of the history of this problem could be found in the paper of Ul’yanov
[13].

Definitive results on this problem were obtained by Privalov [9, [I0]. On the one hand, he
showed that for any polynomial basis {t;: k € N} in the space C(T) there exists an £ > 0
such that for sufficiently large k one has degt; > (1 + 5)% On the other hand, for any such

€ > 0 he constructed a trigonometric Schauder basis satisfying degt; < (1 + 5)%

At the same time, the following question was investigated: How does the additional con-
dition for the basis to be orthogonal affect the growth of the degree? In particular, in [I1]
Privalov constructed an orthogonal trigonometric Schauder basis {t;: k € N} in the space
C(T) with degty < %k. Further, this result was improved by Wojtaszczyk and Wozniakowski
[14] and later by Offind and Oskolkov [7]. Finally, Lorentz and Sahakian showed in [6] that
the additional condition for the basis to be orthogonal does not affect the growth of the
degree, i.e. for any € > 0 they constructed an orthogonal trigonometric Schauder basis satis-
fying degtr < (1+ 5)% Their proof was based on Meyer wavelets and corresponding wavelet
packets on the real line which then were periodized. In [§], by the help of de la Vallée Poussin
means and related polynomial wavelets, a similar basis was constructed with optimal growth
of the degree. This construction by means of periodic wavelet and wavelet packet spaces
yields an asymptotically optimal estimation of the norm of the corresponding partial sum
operator.

The main purpose of this paper is to solve the above-mentioned problem for the functions
of two variables, i.e. to construct an orthogonal trigonometric Schauder basis in the space
C(T?) with as small as possible growth of the polynomial degree. To achieve this, we use
ideas of [§] in combination with ideas of an anisotropic PMRA which were recently developed
in [5] and [1].
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The paper is organized as follows: In Section 2 we first give the necessary definitions and
notations and after that we formulate and prove our main result. Section 3 is devoted to
the estimation of the norm of the orthogonal projection operator which is essential in the
proof of the main result. In this section we prove several auxiliary lemmas to estimate the
corresponding norm of the orthogonal projection operator.

In the paper we use the standard notations N, Z, Z,, R and C which correspond to
the sets of natural, integer, nonnegative integer, real and complex numbers, respectively. By
X2 ={x = (21,72): 21 € X, x2 € X}, we denote the Cartesian product of two sets X where
X is one of the sets N, Z, Z, R or C. For a finite set A C R?, the notation |A| denotes the
number of points of this set. Moreover, Z2*2 is a set of all integer matrices of order 2.

2. ORTHOGONAL TRIGONOMETRIC SCHAUDER BASIS

2.1. Function spaces. Let T? = [, )2 be the 2-dimensional torus. As usual, the normed
space Lp(']I‘Q), 1 < p < o0, consists of all measurable complex-valued functions f that are
2m-periodic in each variable and

1, = (e [ e

By C(T?), we denote the space of all 2r-periodic in each variable and continuous on R?
complex-valued functions f equipped with the norm

[flloo = sup |f(z)].
xeT?

The normed space C(R?) consists of complex-valued functions f that are continuous on
R? and

1fllee = sup |f(z)].
zeR?
For arbitrary vectors r € Z2, we also define spaces
afT1+7"2
C™(T?) =< f: ——— € C(T?
1) ={1: e e o)

and
.o 3f7“1+7“2 9
2.2. Anisotropic PMRA. For an arbitrary regular matrix M € Z?*2, we define a pattern
PM) =M~'z2n [-1, %)2 and a generating set G(M) = MP(M) (see Figure . Using
a geometrical argument [2, Lemma I1.7], one can see that
|P(M)| = |P(M")| = [G(M)| = |G(M")| = | det M.
For any function f € Lo(T?), we introduce the shift operator Ty f = f(- — 27y), y € R2.

Definition 2.1. For a sequence {J;},.y of regular matrices J; € Z2%2) |detJ;| > 1, and a
sequence of spaces {V;}jecz,, V; C La(T?), we denote My = (}9) and

Mj:Jj-...‘JlMo, 7 €N.

An anisotropic periodic multiresolution analysis in Ly(T?) (anisotropic PMRA) is given by
the tuple ({J[}leN, {Vj}jez+) if the following properties are fulfilled:

(MR1) For all j € Z there exists a function ¢; € V; such that the shifts Tyg;, y € P(Mj;),
constitute a basis for Vj;

(MR2) For all j € Zy it holds V; C V413

(MR3) The union of all V; is dense in Lo(T?).
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FIGURE 1. The pattern P(M) (left) and the generating set G(MT) (right)
where M= (ji _44).

The space V; from Definition is called M;-shift invariant space and the function ¢;
is called scaling function. If the sequence {J;};c of regular matrices from Definition is
such that | det J;| = 2, then the anisotropic PMRA is called dyadic.

The space V; could be rewritten as the span of so-called orthogonal splines

(@)=Y Gi(h+MTk) ™ R M)z e gMT),

kez?
~ 1 i . . .

where (k) = 2)2/ cpj(x)e_lkTw dz, k € Z?, are the Fourier coefficients of a function

s T2
;. Namely, the following statement is true.
Proposition 2.1. (See [5]) For the M;-shift invariant space V; it holds that

Vi =span{f,’: h e G(M] }.
Definition 2.2. For the dyadic anisotropic PMRA the wavelet space W; is the orthogonal
complement of V; in Vi1, i.e.
Wj=VioV, jei,.
From results of the paper [5] it follows that W; is invariant with respect to the shifts Ty,

y € P(M,), and there exists a function 1; such that W; = span {Tyv;: y € P(M;)}. Such
a function v; is called wavelet.

2.3. Degree of trigonometric polynomials of two wvariables. For a vector
x = (1,22) € R%, we use l,-norm

||, = (|Jz1]? + |2]9) 7, 1< q < o0,
e\ max{|z1), [z2]}, g = o0,

and introduce the notion of g-degree for a trigonometric polynomial ¢ of two variables as
follows:

deg,t = min {n €Zy: t(x) = Z ckeikTw, c, €C, k€ Zz}.
&l <n
In this paper we restrict ourselves to considering only the cases ¢ = 1 and ¢ = oco.
Let {eik’T' t ke ZQ} be the usual trigonometric monomial basis. We rewrite this basis by

using single numeration {eikT': k € Z2} = {ek: k € N} so that the growth of deg ey is
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FIGURE 2. The method of selection of vectors k € Z? so that the growth of
deg elk’ (left) and the growth of deg; el (right) are minimal.

minimal (see Figure . It is clear that deg, e =nif (2n—1)2+1<k < (2n+1)%, n €N,
and consequently
v%—lw

deg, ex = { 5

where [a] = min{n € Z: a < n}.
If we rewrite this basis so that the growth of deg; e; is minimal (see Figure , then we
obtain deg; e, = n if 2n? —2n +2 < k < 2n? +2n + 1, n € N, and consequently

¢M—1—1w

deg; e, = { 5

Since the usual trigonometric basis is not a Schauder basis in C'(T?), analogously to the uni-
variate case it is natural to try to find an orthogonal trigonometric Schauder basis {tk ke N}
in C(T?) for which the growth of deg, t), is as small as possible.

2.4. Particular polynomial functions. Let us describe particular polynomial functions
which will be useful to construct an orthonormal Schauder basis in the space C(T?) with
small growth of the polynomial degree.
Let M =Jp...JpMy, j € N, where Jp = (%*11) and My = ((1)(1’) After simple
_‘,—/
J
calculations we get | det M;| = 2/ and

(-9'(59),  i=4,
—4)(1 j=4l+1
(2.1) Mf:( )&&} I=2th e,
20NV ), F=4l+2,
2(-4) (7 21), j=41+3,
The corresponding inverse matrix has the following form:
—1)!
SE(0), =4
D' 1 1 Yy
O, =4 +1,
(2'2) Mj_l = (,Alj)l ( 01 1) j le Z-‘m
A, (%0) J=4+2
iy, ,
SE(C ), =4
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where

jEeZ,.

A /| det M| if j is even,
! V]det M 1] if j is odd,

We also note that A; € N.
Further, for 0 < a < ﬁ we consider the piecewise polynomial

1 if |z] <3 —a,
5 3 :
o) = { i (5 o)~ o (3~ o) + 2 (3~ +3 3 3 a<bl<ita
0 if |z] >3+ a,

and for € R? we set

By (@) = bo(x1)ba(z2),

_ ( S Bala - J%z))Ba(JBTfB)a

z€72

Wﬁm%ﬂf%wb(EjBJw—u—J )(}:B Iz — D@)B(ﬁfﬁf@

z€Z? z€Z?

where w = (—1, —%)T and v = (—1,0)T.

By using ®, and ¥, we now define functions

. T
)elk a:7

(Pa,j( T) = \/|dT k%Z:Q (

and

Va,j(T) = \/MT Z ( )eikTaj, x € R%.

kez?

These functions constitute a particular case of a more general construction of the dyadic
anisotropic PMRA which was considered in [I]. That is the functions ¢, ; are scaling functions
and v, ; are corresponding wavelets:

Vj =span{Typa;: y € P(M;)} and W; =span{Tyt,;: y € P(M;)}.

Further, we need to know how to orthonormalize basis elements of the spaces V; and W;
without losing the shift invariance property of these spaces. To this end, we set (see Figure 3)

( §3\¢dw—ZW) ( E:\de—zw>
Z€Z2 Z€Z2
lIzll,, <2 =1l <2

and define the following two functions:
1 L(v=T ikTx
o (@) = @ (M; k)
/ \ /| det M kZZ;

and

wij( )= \/MT Z ( )eikTw, x € R

kez?



6 NADIIA DEREVIANKO, VITALII MYRONIUK, AND JURGEN PRESTIN

e
-

é‘r w‘,
ey

0.5

FIGURE 3. Plot of functions ®2 (left) and |¥| (right) for a = ;.

In view of the results [5, Corollaries 3.6 and 3.7], it follows that the shifts Tycpij and

Tyzbi s YE P(M;), constitute orthonormal basis elements for the spaces V; and W; respec-
tively:

Vj = span {Tygoaj"j: y € P(M;)} and W; = span {Tyl/}i"j: y € P(M;)}.

2.5. The main result. For any set A C Z? we consider a set of trigonometric polynomials
Th = {t: t(x) = Z ckeikT‘”, ck € (C},

and for any function f € C(T?) we denote
E 0o = inf — 1|, -
A(f) t1€n7j4 ”f ”oo

The quantity F4(f)eo is called the best approximation of the function f by trigonometric
polynomials from the set T4 in the uniform metric.
Further, for arbitrary € > 0 we set

A= {1} ?f 27 p
5 if 0<e<z.
Definition 2.3. For given € > 0 the set of polynomials {tx: k € N} is defined by
t1=1
and for k=21 +1,...,27%t j€Z,, by
tr =Ty, ¥y, Ui € P(M;).
For the polynomial set {tx: k € N} from Definition and any function f € C(T?) we

define the operator
“w
(23) Suf =Y (fota) th
k=1

where (f, t5) = (er)Q /T f@)ii(@) da.

Theorem 2.1. For given ¢ > 0 the polynomial system {ty: k € N} from Definition is
an orthonormal Schauder basis in C(T?) such that

(2.4) deg tr < (2+¢) {\/Z_ 1—‘
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(I'lght), l S Z+.

and

V2k—1-1

(2.5) 5

degy tr, < (2+¢) [

Moreover, for all f € C(T?) the following inequality is true:
(2.6) If = Suflle < (1+C(e)) Ea,(f)o

where A, = {k €72 M;Tk € [—% + A, % - )\]2} for2l < pu<2tt j€Z, and Ce) >0

s a positive constant which depends only on €.

Proof. The orthonormality of the polynomial system {t;: k € N} from Definition follows
from the construction of this system which was discussed in the previous subsection.

We prove the degree inequalities and . Note that these inequalities are trivial
for k = 1. For k > 2 the polynomial system {t;: k € N} is generated by basis elements of
wavelet spaces W;, j € Z,. For this reason, depending on the values of the parameter j, we
consider two cases.

Case I. Let j = 21,1 € Z. In this case for 22! < k < 2%+1 we have (see Figure [4)

deg . tr, = deg, @Z)i% < (1+ 2)\)2[

and
_ 1 l
degy ty = degy ¥y g < (14 6M)2".

Hence, to prove (2.4) and (2.5)), it is sufficient to show that for 2% < k < 22+1 it holds

(2.7) (1+20)2' < (2+¢) {\/%2_ ﬂ
and
(2.8) (1+6MN)2 < (2+¢) P%;l_ﬂ .
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For I = 0 or [ = 1 the inequalities (2.7) and (2.8) are easily verified. If [ > 2, then for
22 < | < 2241 we have

(2+¢) {\/Ez_ ﬂ > (2+¢) {\/27;—1W =(2+e)27 > (2+120)2 > (14 20)2

and
(2+¢) [\/ﬁl_ﬂ > (24 ¢) { 2(22 +21) -1- 1_‘
> (2+¢) {\/ﬁ_ﬂ > (2+¢) (\f—;l> 9l—1

> (24¢e)27 > (2412020 = (146020
Case IL. Let j = 21+ 1, ] € Z. In this case for 22+ < k < 22041 we have (see Figure 4)
dego ty = degc 3 o141 < (14 61)2'

and
deg, ty = deg; %{21 1 < (142020

Hence, to prove 1’ and 1’ it is sufficient to show that for 2211 < k < 22(41) it holds

(2.9) (14602 < (2+¢) {\/EQ_ ﬂ
and
(2.10) (142027 < (2 4¢) {”2]‘:;1_1} :

Similarly to the previous case, if | = 0 or [ = 1, then inequalities (2.9)) and (2.10|) are easily
verified. If [ > 2, then for 2241 < k < 22041 we have

(24 ¢) {‘/Z_ ﬂ > (24 ¢) {W_ 1}

2
> (2+4¢) <\/§— ;) 27 > (24 ¢) 20

> (24 120271 = (1 4 6))2

and

(2+¢) [21{_21_1 > (2+¢) {\/2(2%“;1)_1_1—‘

> (2+¢) {22(121)_1} =(2+e¢)2

> (24 120)2! > (14 2))2F L,

Hence, inequalities (2.4) and ([2.5)) are proved.
Finally, we prove the approximation property (2.6 from which it follows that the poly-

nomial system {t;: k& € N} from Definition is a Schauder basis in C(T?). In view of
Proposition we can see that T4, C span{t;: k = 1,...,u} which implies the equality
Syt = t for arbitrary ¢t € T4,. Thus, choosing t* € T4, as the polynomial of the best
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approximation of the function f € C(T?) and applying Theorem [B.1] (see next section), we
get

1f = Suflloe = I1f =+ Su(t* = Pl < NF = lloe + 19u" = Hll
< (L+ ISullecrzysom) If =l < (1+C(€)) Ea,(f)oo-

3. NORM OF THE ORTHOGONAL PROJECTION OPERATOR

First, we formulate and prove some auxiliary results.

Lemma 3.1. For any function f € C"(T?), r € Zi, and any vector k € 72 the following
equality is true:

1
(2m)2 /1r2 f(z)dz, by = ko = 0,
1 o f s )
G k) (2m)2 (ik1)"* Jp2 Oy ()e de, k1 #0, ky =0,
. = 1 a’r‘gf 7'kT
ik z g by — i
(2m)2 (ik2)™2 Jp2 Oy (z)e z, 1=0, ko #0,
1 8||7‘||zlf L
R T de,  kike # 0.
L (271-)2 iH’l‘Hll k71“1 kgz T2 3967{163:;2 (iB) e x, 1ko #

Note that in the one-dimensional case the corresponding result is well-known (see, e.g. [4l
Chap. 19]). For the functions of two variables the proof is similar to the one-dimensional
case.

Remark 3.1. For any vector » € N? the equality (3.1) can be extended to all k € R%. In
order to do so it is sufficient to impose the additional condition

aHlHlf 3\\l|\1f 8||l||1f aHlHlf
rltogz b o T2 :W(mla—ﬂ)zm@hﬂzo
Ly 0Ty Ty 0Ty T 0Ty T 0Tq

T,x2) =

where l € Z% and 0 <l; <r; — 1, j € {1,2}.

Let f: R?2 — R be an arbitrary function that satisfies the condition

(3.3) Z fAx+2) >0, xcsuppf,
2€7?
ll2]l;, <2
and
f(x
@) 50 T Esuppf,
| (X e s
z€72
ll=l;, <2
0, else.

\

Lemma 3.2. If f € C"(R?), r € Z%, then f+ € C"(R?) too.



10 NADIIA DEREVIANKO, VITALII MYRONIUK, AND JURGEN PRESTIN

Proof. For x € supp f we have

E)xl Z fAx+2)— Z f(x+2) f(a:—l—z)
oft e e
Txl(w)— 3/2
( > f2(:c+z)>
z€72
=l <2
_ fi(=)
32"
( > f2(:c+z)>
e

It is clear that f; € C("1=172)(R?) and supp f1 C supp f.
Continuing to differentiate, for € supp f we get

aH"”zlfJ_ fH"'”l (CC)
g (T) = - 172
07 O I, +1/
Y. fz+z)
z€Z?
Izl <2

where f”,nHl1 € C(R?) and supp Jjjr|l,, € supp f. Hence,

I,

( Fiel,, ()
Il Il +1/20 L€ SUPP fiwly,
b i 2z + 2
g ®) = 22 fila+2)
1 2 ZEL
=, <2
L0, else.
2 8”7“”11 fL )
Thus, since Z f (zc + z) > 0 for & € supp fHT“l17 we get ST € C(R?).
z€7? 1 5
ll=ll;, <2

Corollary 3.1. For 0 < a < ; the functions ®% and |UZ| belong to the space C22(R?).

Proof. 1t is easy to verify that function b, has a continuous second derivative and consequently
B, € C>2(R?). As it is shown in the paper [I, Theorem 4.3 and 4.6], in this case the
functions ®, and |¥,| also belong to the space C3?)(R?). Furthermore, these functions

satisfy condition (3.3)). Thus, in view of Lemma we get the assertion.

Now, we formulate and prove the statement which generalizes a one-dimensional result

from [12, Chap. 4].

Lemma 3.3. For any polynomial t, 2m-periodic in each variable and any matrix M;, j € Z,

which satisfies , it holds that

(3.4) sup  »  [t(z — 27y)|.

1
1tlly < o=
|det M]| xeT? yeP(M;)
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FIGURE 5. The set g for the matrix Mj (left) and Mg (right).

Proof. Let Oy = {m —y: x= M;lf, 1€l < 1}, y € P(M;). It is clear that [J,, is a shift
of the set Oy (see Figure [5)) by the vector y € P(M;). Moreover,

vol UD — 4vol —112—4
y | =4vo 23 =4.
yeP(M;)

4

|d t M|
Since the polynomial ¢ is 2w-periodic in each variable, we can write

1
Htulzm [ @ldz

Z /D t(2mx) ]daz—f Z

/ t(2n(x — )z
yeP(M;) yep(M;) Y Ho

vol (Og) sup Z [t2r(x —y))| =

xell
© yeP(M;)

Thus, in view of |[P(M;)| = |det M|, we get vol((p) =

< sup Z |t(x — 271y)| .

1
| det M]| xcT? ye P(M,)

»M»—ﬂ

Let us introduce the set (see Figure @
QO = {m eR?: M; Tz e [—2,2)2} .

Note that this set contains supp @2 (M -) and supp \I/L(M -). Further, we need a gener-
alization of the well-known equality:

M-1
om 2M, m=2Ms, se€Z
3.5 ™A = ’ ’ ’
(35) Z {O, else,

where m € Z and M € N.

Lemma 3.4. For any vector m € Z? and any matriz M;, j € Zy, which satisfies , it
holds that

(3.6) Z o FikT(M ' m) _ 16| det M;|, m =4M;s, s € 72,
07 else.

keQ;nz?
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FIGURE 6. The set Q; for j = 8[ (left) and j = 81+ 1 (right), [ € Z .

Proof. If m = 4M;s, s € 72, then we get

Z o3 ik (M tm) _ Z o2mik™ (M ' M;s)

keQ;nz2 keQ;nZ2
T
= > Fe= N 1 =16|det M.
keQ;NZ? keQ;nz?

Let m # 4M;s, s € Z?. Then p = Mj_lm £ 4s, s € 7Z?. Depending on the values of the
parameter j, we consider several cases.
Case I. Let j =81, € Z,. In this case, in view of (2.2), we have

T

— T _ (™M1 M2
P = (p1,p2) (Aijj)
Since p # 4s, s € 72, without loss of generality we can assume that p; #Z 0 (mod 4), i.e.
m1 # 4nlAj, n € Z.

Taking into consideration the view of the set §2; (see Figure |§[) and using equality (3.5]),
we obtain

2A;—1 2A,—1 28i-1 281

Z egikT(Mj—lm) _ Z o5ikip1 Z o5ikaps _ Z emkle Z oFikap2 _
kEQjﬂZQ k1=—2A]~ k2=—2Aj ]{:12—2Aj kJQZ—ZAj
because my # 4nA;, n € Z.

Case II. Let j =80+ 1, [ € Z4. In this case, in view of (2.2)), we have

mip+ma ma —my T
Aj T A
Since p # 4s, s € 7?2, without loss of generality we can assume that p; # 0 (mod 4), i.e.
mi + meo 7& 41’LA]', n € 2.
It is easy to verify that for the vector u = (2A;,2A;)T it holds that

p=(p1,p2)" = (

(3.7) e2k'p — o3ilktw)p o 72
Analogously, for the vector v = (—2A;,2A;)" we have

(3.8) e k'P — o3ilktv)'p e 72,

Thus, using (3.7) and (3.8)), we can write (see Figure@

(3.9) Z egikT(Mj*lm) _ Z egikT(Mj*lm)

kerﬂZQ kEHjﬂzz
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where Hj = [—QA]',QA]') X [O,QAJ)
Thus, in view of (3.5 and (3.9)), we get
20,1 20,1 20,1

E egi’“T(M;lm) = E esikip1 § eoikep2 E 7r1k1

keQ;nz2 k1=—2A; ko=0 k1=—2A;

1 +m2

E eoikep2

because mi + ma # 4nA;, n € Z.
Case III. For j =81+ s, 2 < s < 7, we have a similar proof to that in case I (if s is even)
and case II (if s is odd). O

Lemma 3.5. For the functions wj,j the following inequality is true:

> ekt 2m| s ayiang) ce >0

yeP(M;)

(3.10)

Proof. By the definition of the function cpij we have
> Ikt~ 2w
o0

yeP(M;)
1

L ¥
| det M| €T, Chiu,)

I =

Z (I)j (M;Tk> ok " (@—2my)

kEQjﬂZ2

Z ( g Mj—T k:) o2mik” (z—y)

keQ;nz2

__ ! 3
v/ | det M| ze[ yeP(M;)

%%
where go(z) = &2 (), z € T2

The function in the supremum norm is periodic with respect to any vector y € P(M;).
Thus, for this function it suffices to consider the supremum over the set [1y. Hence, we can

write
1 <7T T i (e
= — Su 7M k) e 1 (w y)
[dot M| et b > oM;
yeP(My) ' keQ;nz?

S g (SMTR) ) k()
kEQjﬂZQ

S g0 (GM5T) SOOT(EM TR (M)
kEQjﬁZQ

1
- _ - sup
| det M| gy, <1 hGGZ(I:VIj)

1
———— s
| det M| ||e||lw51hecza:wj>
Let f&(x) = ga(x)el®"® x € T2, Then, expanding f¢ in Fourier series

ng 1zm

z€Z2
and applying equality -, we get

-T T(zm; T
fg k,) —i(4h) (§Mj k)
\/ydTnsmw_ her(;/I) T

keQ;NZ2 z€Z?

Z Z fﬁ “Hz— 4h))‘

keQ;NZ2 zeZ?

G h+Ms))‘§16\/m sup S [FE(4D)]

S€Z2 Hgnloo— leZ?

\/|<:1T ||£Hloo_ her(;/l)
:16\/m sup_ )

€11, <1 heG(M;)




14 NADIIA DEREVIANKO, VITALII MYRONIUK, AND JURGEN PRESTIN

= 164/| det M| sup Z / o(T) S GV P

S o
=16y/|det M;| sup > [ga(4( - €))|.
€l <1 ;72

In view of Corollary we have g, € C(>?)(T?). Besides, g, satisfies condition (3.2)) with
r = (2,2). Consequently, applying (3.1)) for all k € R? and = = (2,2), we obtain

i 1 829,1
— \12\2

[e.9]

1
I< 1@/@ <H9aHm +2) el
=1

82%

o0

1 g
+4 < Ci(a)y/|det M|, Ci(a) >0
ZEZNQ ‘lll2’2 8.71%8%‘% 0o J

O

Remark 3.2. By a similar technique we can prove an analogous result for the functions wa 0T

ie.

(3.11) > - 27Ty)|H < Co(a)y/|det M|, Ca(a) >0

[ee]

yeP(Mj)
Now, we formulate and prove the main result of this section.
Theorem 3.1. The orthogonal projection operator S,, in for the functions {ty: k € N}

from Deﬁmtwnn 2.5, acting as an operator from C(T?) to C(’JI‘2), is uniformly bounded for all
uwEN, ve.

[Suller2)—cm2) < Cle), C(e) > 0.
Proof. Depending on the values of the parameter p, we distinguish two cases.
Case I. Let p = 27, j € Z. Since the range V; of the orthogonal projection operator S, is
independent of the choice of its basis, we can choose the basis {T ygo Nt YE P(M )} of Vj.
Then, we have

1525 llo(r2) ey = sup — sup > <f, o3 (- — 27ry)> ox (@ — 27ry)‘
”f”oo_l xzeT yEP(Mj)
1 / . S—
— ap swp 7€) o (@ — 2my) oL (€~ 279) ds‘
Ifleo=1 wer> | (2m)? Jp2 ye%@ ’ J
=sup || Y onj(@—2my)ei (- —2my)
2€T? 1l yep(m;) 1

IN

sup ) ’s@ij(w - 27@/)‘ Hwij( - 27Ty)H
xeT? _ 1
yeP(M;)

= llexsllh]l Do leny(—2my)
yeP(M;) o0

Now, using inequalities (3.4]) and (3.10)), we get

1S lorzysomy = llenill |l Do len; (- — 2my)|
yeP(M;) o0
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R0

< —L 1 det M| = C2(N).

1
(3.12) < mry | 2 ekt -2
| det ML Y POL,)

Case II. Let now 2/ < pu < 271, j € Z, . We decompose the orthogonal projection S,, into
the operator Sy; and a remainder
o

Sul=Suf+ > (fita) tr.
k=27+1
Further, estimating the norm of the remainder operator, we obtain

I3 W

> () t = sup sup | > (f,t) tr(=)
k=27 +1 C(12)»C(T2)  [fllo=1 x€T? |, 577 |
1 p
= sup sup f(€) ti(x) te(§) A€
Ifloo=1 weT2 | (27)? J72 k%;l
I 27+1
=sup | Y (@ t()|| <sup Y |t(@)] [t
zeT? 1l 5 1 ®eT? o5y
= [lonsll|| Do s —27Ty)|H :
yeP(M;) o
Now, using inequalities (3.4) and (3.11f), we have
o
>ttt —letilh| X kst 2ml
k=27 41 O(T*)—C(T?) yeP(M;) o0
1 N 2
< — (. —2
= |deth] ’ Z ‘w)\,]( Wy)‘
yeP(M;) o
(&10))
3.13 2 det M;| = C3(\).
(313) < Tingy de M| = GO
Thus, in view of (3.12) and (3.13]), we finally get for all © € N
m
ISullcm2ysome) < 1S lomeysemy +{| D> (Fite) t
k=27+1 C(T?)=C(T?)
< CE(N) + C3(N) = C(e),
which concludes the proof. O
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