Computation of adaptive Fourier series by
sparse approximation of exponential sums

Gerlind Plonka* Vlada Pototskaial

3rd January 2018

Abstract. In this paper, we study the convergence of adaptive Fourier sums for
real-valued 27-periodic functions. For this purpose, we approximate the sequence of
classical Fourier coefficients by a short exponential sum with a pre-defined number
of N+1 terms. The obtained approximation can be interpreted as an adaptive N-th
Fourier sum with respect to the orthogonal Takenaka-Malmquist basis. Using the
theoretical results on rational approximation in Hardy spaces and on the decay of
singular values of special infinite Hankel matrices, we show that adaptive Fourier
sums can converge essentially faster than the classical Fourier sums for a large class
of functions. Further, we derive a method to compute almost optimal adaptive
Fourier sums. We also present a much simpler greedy algorithm that possesses
similar convergence behavior as the classical Fourier sums. Our numerical results
show, that the significantly better convergence behavior of adaptive Fourier sums for
optimally chosen basis elements can also be achieved in practice.
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1 Introduction

In this paper, we want to study adaptive Fourier expansions of real-valued functions
f in L?(0,27]) using a generalized Fourier basis. In different papers, see e.g. [7, 18,
24,25], generalized Fourier bases have been considered with particular applications
in signal processing and system identification, see [7,12].

Before we can state the problem and our results in detail, we need to introduce
some notations. Let T be the unit circle in the complex domain, T := {z € C: |z| =
1}. We identify T with the interval [0,27) using the map z = e?. Let L?(]0,2m))
be the space of square integrable 27-periodic functions. The Fourier expansion of
f € L?([0,2m)) reads
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where ¢4 (f) = 5= fOZﬂ f(t)e~*!dt denote the Fourier coefficients of f. Further, let

1 27

(fr9)p2: f(t) g(t)dt (1.1)

be the inner product in L?([0,27)), and || - || .2 denotes the corresponding norm. We
assume that f is real-valued, then c_(f) = cx(f), and hence

FO) =co(f)+> <Ck(f) ™ + i (f) efikt>,

fr) = +> el f)e™ = en(fH) et (1.2)
k=0

k=1

Let H? C L?([0,27)) be the Hardy space of all functions f in L?(]0,2m)) for
which all negative Fourier coefficients vanish, i.e., c_;(f) = 0 for £ € N. Obviously,
ft € H?. We introduce the generalized Fourier system, the so-called Takenaka-
Malmquist system,
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The function system {B;}7°, is completely determined by the sequence of “zeros”
{20}72, where we assume that |z < ¢ <1 for all £ > 0, see e.g. [27]. This function
system is an orthonormal system with respect to the inner product in (1.1), i.e., we
have (By, By)r2 = 8¢ with 8y, being the Kronecker symbol. Moreover, this system
is complete in H? if and only if Y ,.(1—|z¢|) = co. For a proof we refer to [2], p. 244.
Note that for z; = 0, £ > 0, we obtain the classical Fourier basis By(t) = et The
expansion of fT € H? in this orthogonal system reads f1(t) = > 5o o(f", Bg) 2 By
with adaptive Fourier coefficients (f*, By) 2. Further, let

N

f =" _(f* Bi)12 By (1.4)

k=0

denote the N-th adaptive partial Fourier sum. Bultheel and Carrette [7] have shown
that similarly as for the classical Fourier basis, the generalized Fourier coefficients of
a 27-periodic function with continuous ¢-th derivative with ¢ > 2 in the Takenaka-
Malmgquist basis decay with at least rate N~%. In this case the approximation error
en(f) =|lf" = filloo decays with rate N>79. This result involves only the assump-
tion that zp = 0 and |z¢| < ¢ < 1.

In this paper we want to study the question, how well a given function f+ €
H? can be approximated by its generalized partial Fourier sum f;g if the zeros zy
determining the Takenaka-Malmquist system are taken in an (almost) optimal way.
Our considerations are inspired by the study of adaptive Fourier series in [24] on the
one hand and by our own results on approximation by exponential sums on the other
hand, [20,21].

Our approach relies on the following idea. For a given classical Fourier expansion
(1.2) of f+ € H? we try to approximate the sequence of Fourier coefficients c(f*) =



(cx(f1))2, by a sequence & = &)

non-increasing exponentials, i.e.,

= (€))7, being a finite linear combination of

N
Cr = EI(CN) = Zang, k € Ny, (1.5)
=0

with coefficients ay € C and 2z, € Dy, where Dy := {z € C : |z| < 1} denotes the
open unit disk. The goal is now to choose ag and z; such that [[c(f*) — ¢||2, :=
St o ler(fT) — &l* < e with € as small es possible. Then

o0

fr) =) &e™

k=0

satisfies || f — f |2, < € by Parseval identity.
Using the special representation (1.5) for ¢ we will show that f* can be written
as an N-th adaptive partial Fourier sum

N
Fr) =" b By(t)
(=0

in the Takenaka-Malmquist basis, where the basis elements {B,}}’, are determined
by the zeros z; in (1.5) and the coefficients by can be obtained from a; in (1.5) by
a bijective linear map. Therefore, the problem to find an appropriate sequence of
zeros {2z} to determine the adaptive Fourier basis {B;}1\ , can be reformulated as a
problem of sparse approximation with exponential sums:

For a given decaying sequence c(f1) we want to find a new sequence &
(k)% of the form (1.5) such that |lc(f+) — e[| <.

Practically, we have to solve the following problems. For a given accuracy level
€ > 0, find the smallest N € N such that ¢N) in (1.5) satisfies ||c(f+) — ™|,z < e,
and compute zp € D and ap € C, £ = 0, ..., N, determining ¢N). Vice versa, for a
given “storage budget”, i.e., a given N € N, find the parameters in (1.5) in order to
achieve the smallest possible error ||e(f1) — 6(N)||%2.

N) ._

Our paper has two goals. First, we want to study the following question. What
is the asymptotic error behavior of || f* — fi| ;2 for N — oo compared to the decay
of the classical Fourier sums that can be achieved? Second, we want to present a
new computational method to explicitly compute the adaptive partial Fourier sum
f]'\? with a presumed small error € such that N is as small as possible by employing
a (suitably large) finite number of classical Fourier coefficients (cx(f))E_,. This
algorithm particularly includes the computation of the zeros {zg}éV: o needed to de-
termine the Takenaka-Malmquist basis for the adaptive partial Fourier sum f;\g. We
will also observe that optimal zeros z, will depend on the considered length of the
sum N.

We will apply the theory of Adamjan, Arov and Krein (AAK theory) [1] to solve
the problem of sparse approximation of the sequence of classical Fourier coefficients
by exponential sums. This theory is strongly related to the problem of rational
approximation of functions in Hardy spaces and has been studied also with respect
to its applications in signal processing and system identification, see e.g. [1,8,14,15,
17,19,29]. For earlier approaches on the application of the AAK theory in order to
solve sparse approximation problems using exponential sums we refer to [6] and [3].



The AAK theory gives us a tool to relate the approximation error |[c(f1)—&W)|| .2
to singular values of special infinite Hankel matrices that are generated by the se-
quence c(f). Using this relation, we will be able to estimate the decay of the error
|fT = f¥llz2 by inspecting the decay of the singular values of these infinite Hankel
matrices. At this point, we can use recent results by Pushnitski and Yafaev [23], who
derived sharp estimates for singular values of Hankel operators. Roughly speaking,
we can conclude that the decay O(N~!log N)~® of the sequence c(f) of classical
Fourier coefficients can lead to the decay O(N~%) for the error ||fT — f3|z2 of the
N-th adaptive partial Fourier sum. Thus, under certain side conditions, we will show
that one can even achieve exponential decay of the error for the adaptive Fourier sum
while the classical Fourier sum may not even possesses quadratic decay, see Theorem
3.6.

In the second part of the paper, we present a new algorithm for solving the sparse
approximation problem (1.5). The procedure consists of two steps. In the first step
we employ a stabilized Prony method, like APM [22], to approximate c(fT) by a
sequence € = ()52, of the form

M
Gp= Y g%}
=0

with possibly large M where a; € C\ {0} and with pairwise different z, € D :=
{z € C: 0<|z] < 1}. In a second step, we present our new algorithm to explicitly
compute the non-zero singular values of the infinite Hankel matrix generated by ¢.
The decay of these singular values will give us a criteria, how to choose the number
N such that a sequence ¢N) in (1.5) built by an exponential sum of length N + 1
provides an error ||¢ — f:||§2 being smaller than a predefined e. Furthermore, our
algorithm will provide the zeros z; and coefficients ay to compute ¢V in (1.5).

We emphasize that the sequences ¢V) in (1.5) obtained by our algorithm lead to
adaptive partial Fourier sums that are optimal in the sense of the AAK theory if the
sequence c(f) of classical Fourier coefficients of f* coincides with ¢ for some M.
This is the case if fT is a rational function.

For comparison, we also provide a greedy algorithm that searches for appropriate
zeros zy for the Takenaka-Malmquist basis step by step. Here we apply a simple
adaption of Prony’s method for exponential sums of length 1.

Our numerical experiments impressively support our theoretical result that the
appropriate choice of zeros z, in the adaptive Fourier basis leads to a significantly
faster decay of the adaptive partial Fourier sums. In contrast, the simple greedy
approach leads to an error that is comparable to the error of the classical partial
Fourier sums.

This paper is organized as follows. In Section 2 we present a further basis {P}7°,
such that {B¢}\, and {P;}})\, span the same subspaces for each N, and we describe
the corresponding basis transform. We prefer the basis {F}7°, in the theoretical
observation since it simplifies our representations. Section 3 is devoted to the study
of the decay of adaptive partial Fourier series that can be achieved. In Section 4 we
derive a method to compute (almost) optimal zeros z, = zéN), {=0,...,N, such
that the corresponding N-th adaptive partial Fourier sum f;\g satisfies a small prede-
termined error bound. In Section 5 we also present a much simpler greedy algorithm
to compute the zeros z; determining the Takenaka-Malmquist basis consecutively.
Finally, in Section 6 we present numerical results for the decay of Fourier sums for



two different examples. In the first example, we consider the Fourier expansion of a
rational function, where our algorithm gives the optimal results according to AAK
theory. The second example considers a non-rational function. Our numerical results
impressively show that a good choice of zeros in the adaptive Fourier basis leads to a
significantly faster decay of adaptive partial Fourier sums compared to the classical
Fourier sums.

2 Adaptive Fourier bases

Preliminary, we want to present a different basis that is closely related to the
Takenaka-Malmquist basis and simplifies our representations using approximations
with exponential sums.

For a given vector of pairwise different values (2, 21, ..., 2n) with 0 < |z¢| < 1 let
1
Pt):=——— £=0,...,N. 2.1
E( ) (1 — deZt) ( )
More generally, if 0 or multiple values occur in the vector (zo,...,zn), let My + 1
be the number of different values in (zp, ..., z¢) that are denoted by Zp, ..., Zn;,. Let
K ¢ be the multiplicity of Z; in (2o, ..., z¢) such that Ko+ K o+...+Kp, o = (+1.
Further, let p, be the multiplicity of 0 in the vector (zo,...,ze—1). If 2o = Z;, we
define P, by
eit;u'f
Py(t) = ———7—. (2.2)

(1 _ %eit)Kj,e

Theorem 2.1. The set of functions {By : £ = 0,...,N} determined by (1.3) with
the zeros zy, 21, ...zn in Dy spans the same subspace as {Py: ¢ =0,...,N} given in
(2.1) and (2.2), respectively.

Proof. Let us first assume that zg, ..., zny are pairwise different and nonzero. Then
the functions By(t) in (1.3) can be written in the form

l
Pej
By(t) = /1 — |22 21—7,;@ ¢=0,...,N, (2.3)
j=0 J
where the coefficients p, ; are uniquely determined by employing a partial fraction
decomposition. More exactly, determining the functions
y .
_ o - zie”)

Ag’j(t) = (1 72‘]'62"5) j :0,...,£,

we find from (1.3) and (2.3) that

£ -1
> peiAi(t) = [ —=z),  £=0,...,N,
Jj=0 k=0

and py; are uniquely determined by comparing the coefficients of the trigonometric
polynomials of degree ¢ with respect to the powers e*, k = 0,...,¢. In particular,
it follows that pg¢ # 0. Thus, comparison with (2.1) yields

¢
Be(t) = /1= 2> Y pe; Pi(t),  £=0,...,N. (2.4)
7=0



The system (2.4) implies

(1= |20/*) 72 By (1) poo 0 0 Py(t)
A=1z)2B1) | | pro pu : Pi(t)

: : 0 : ’
(1= l=n?)~12Bn(t) PNO --- PN,N-1 DPN,N Py (t)

showing that the transform is invertible.

If the vector (2o, ..., zy) contains the value z; = 0 or multiple values, then we find
with the same notations as for the general definition of P, in (2.2) the generalized
partial fraction decomposition of the form

By(t) = /1~ [z e ZZ iy e

jOT‘l Zelt

Now, similarly as before we observe that By(t) can be written as a linear combination

of the functions P;, j = 0,...,¢ obtained from these ¢ + 1 zeros, and in particular
the coefficients pyj k;, do not vanish. Therefore we get again an invertible linear
system relating Py(t) and By(t). O

3 Adaptive Fourier sums and its convergence

Let us assume that f(t) = 2Re fT(t) is a real-valued function in L?(R) with

= i cr(fF)e™.
k=0

Our main goal is to generate a new adaptive Fourier basis {By} as given in (1.3)
such that the adaptive N-th Fourier sums fy; of fT in (1.4) have significantly faster
decay for N — oo than the classical Fourier sum Sy(f) := ZkN:() cx(f)e*. For
this purpose we need to choose the sequence of zeros {Zg}éV: o defining the adaptive
Fourier basis {B}.Y, in an appropriate way. In this section we will show that indeed
a strong decay of the adaptive Fourier sums can be achieved. The crucial idea to find
the adaptive basis is the approach to approximate the sequence of classical Fourier
coefficients by finite exponential sums.

For a given function f* € H? we will approximate c(f*) = (cx(f7))3, by a new
sequence ¢N) =€ = (¢, heo with coefficients being given by an exponentlal sum of
length N 41,

N
Ek = Z ang, (31)
=0

where the parameters ay € C and z; € D have to be suitably chosen such that
eV — c(fIZ% = Yiolée — ck(f)[* < € for some small e. Taking now the
approximation fy(t) := Y po, ¢k ¢ we immediately obtain the error estimate

1Y = flle = lle(fH) —eM|p < ¢

by Parseval identity. Approximating the sequence of Fourier coefficients of f* as
given in (3.1), we find

[e.e]

fj\?(t) = ZEke Z(szf)

k=0 k=0 ¢=0



N

N o0
Zagz de Z 1 — de” Zag Pg (32)

=0 k=0 £=0

i.e., far can be written with only N + 1 terms in the basis {})Y . This observa-
tion justifies that we call this approximation f;\r,. By Theorem 2.1, f; can also be
written as an expansion of N+ 1 terms in the orthogonal Takenaka-Malmquist basis
determined by the zeros (zp,...,2zn) in (3.1).

Using this approach we can reformulate the problem of finding an (almost) op-
timal adaptive Fourier basis as the problem to find an optimal approximation of the
sequence of classical Fourier coefficients by a sequence obtained from a short expo-
nential sum. Therefore, we consider now the question how to obtain for a fixed N a
sequence ¢N) = ()22, of the form (3.1) such that [|[¢™) — ¢(f*)]|,2 is as small as
possible. In this section we first consider the theoretic problem. Using the Theorem
of Adamjan, Arov and Krein and the properties of infinite Hankel matrices, we will
be able to show that one can achieve very fast convergence rates for adaptive Fourier
sums for a large class of functions.

3.1 Infinite Hankel matrices and the AAK theorem

In the following we denote by (P := ¢P(Ny) the space of p-summable sequences v =
(vk)72, with the norm v, := (372, |vk|p)1/p, 1 <p < oo. Let D be the open unit
disc without zero, D := {z € C: 0 < |z| < 1}. For a sequence v = (vj)?2, € £? and

z € D we call
(o)
S
k=0

its corresponding Laurent polynomial and Py (e®), t € R, its Fourier series. Further,
for ¢ € £? we define the infinite Hankel matrix

ch C1 C2
Cc1 Cyp C3
Tei=| 0 e3 of - | = (@i)iice- (3.3)

If the sequence c can be obtained as the (sub)sequence of Fourier coefficients, i.e.,
c = (cx(f))22, for a function f € L>([0,27)), then T is a bounded operator on £2,
see the Theorem of Nehari [16] or [29], Theorem 15.18. Moreover, I'c is compact on
02 if ¢ = (e (f))32, for a continuous function f € C([0,2mn)), see [10].

We assume that c is contained in the weighted Hilbert space

Go={cel’: Y (k+1)|ef’ < oo} C £
k=0

Then I'c maps a sequence v = (vj)?‘;o € ¢? into ¢?, and with

o
oo
Fev= ( g Chtj vj> for v := (vg)5lo
k=0
=0



it follows by Cauchy Schwarz inequality that

o o (o9}
ITevl = Z > ;+k%‘ <D lerti)iZoll?, IvIIZ
k=0 j=0 k=0

oo
= (30 010 IvIE: = el I

Observe that ¢! C £2, since ¢ € ¢! implies that
o0
> (k4 Derl* < sup |(k + Dexl lefla < oo,
k=0 keNg

We want to apply now the Theorem of Adamjan, Arov and Krein [1] together with
some new results on the decay of singular values of Hankel operators by Pushnitski
and Yafarev [23] in order to show the strong convergence properties of adaptive N-th
Fourier sums in (1.4) if we take appropriate zeros {z¢}2_, to determine By(t).

Theorem 3.1. (Adamjan, Arov and Krein). Let ¢ € £2 be a given sequence and let
T be the corresponding infinite Hankel matriz on €. Further, let 09(T¢) > o1(T¢) >
02(T¢) > ... denote the singular values of T'c in decreasing order. Then, for each
N € Ny there exists an infinite Hankel matriz Tz of rank N + 1 such that

ITe — Tellz—p2 = ony1(Te).

For the proof of this theorem we refer to [1] or to [19].

We consider now Hankel operators with finite rank N + 1 in more detail. Let
¢ = (Cr)32, be a special sequence of the form

Cr = Zajzf, k € Ny (3.4)

where N € Ny, a; € C # {0} and with pairwise different values 0 < |zy| < ... <
|z0| < 1. Then ¢ € ¢! and thus in £2, since

00 00 N N ‘a‘
I€llr =D 1ekl = a;zy S E ja;zf| | = T <0
: ’ — 1 — |z
k=0 k=0 [ 7=0 7=0 7=0

We recall the following property of the corresponding infinite Hankel matrix I'z, see
e.g. [29], Theorem 16.13.

Theorem 3.2. (Kronecker). The Hankel operator Tz : £? — (> generated by ¢ =
(¢r)3% € £ of the form (5.4) has finite rank N + 1.

Proof. For reader’s convenience we provide a short proof that also gives some insight
into the connection to difference equations. If ¢ can be written in the form (3.4), we
define the characteristic polynomial P(z) by the values zo, ..., zn,

N+1

N
= H(z —zj) = Z bez’, (3.5)
=0 =0



where the by are the coefficients in the monomial representation of P(z). Then (3.4)
yields

N+1 N+1 N

N N N
Z beCryr = Z by Zajz;““ = Zajzf (Z by zf) = Zajzf P(z;) =0 (3.6)
=0 =0 j=0 =0 (=0 j=0

for all k € Ny, i.e., (¢x)32, satisfies a difference equation of order N 4 1. Thus, the
(N 4+ 1+ k)-th column of T'¢ is a linear combination of the N + 1 preceding columns,
and we conclude rank I's < N +1. Since P(z) has exact degree N + 1 it follows that
rankI'c = N + 1. O

Remark 3.3. Conversely, if the infinite Hankel matrix I's possesses rank N + 1,
then ¢ satisfies a difference equation of order N + 1. Thus, there exist coefficients

bo, .. .,bn41 such that
N+1

Z blék+l =0 Vk e Ng,

1=0
and by # 0, byy1 # 0. Assuming that the zeros zj, j = 0,..., N, of the characteristic
polynomial le\i ng bz are pairwise different, & can be written in the form (3.4). The
zeros z; have modulus smaller than 1 since f has been assumed to be in 0.

In the general case, if the characteristic polynomial possesses m pairwise different

Z€ros Z1, ..., Z%m with multiplicities K1,...,K,, and K; + ...+ K,, = N + 1, then
the ¢ take the form

m Kj
Ge=>_ Y aj k2, k € No, (3.7)

j=1r=1

see [4].

3.2 Decay of adaptive Fourier sums

Let us assume now that for a given decaying sequence ¢ = c(fT) € £2, of classical
Fourier coefficients of f* € H? we have found the sequence € of the form (3.4) (or
(3.7)) that generates an infinite Hankel matrix of rank N + 1 as given in Theorem
3.2 satisfying the relation ||[I'¢ — T'gl/2_p2 = on4+1(T¢) in Theorem 3.1. Then we can
conclude that

e = &lle < o4 (Te). (3.8)

This follows easily from the observation

lc —¢llee = [[Fe—zeolle < sup [[Fee vl = [[Tc — Téllp2e2,
[Vilp2=1

where eg := (1,0,0,...) € /2.

Now the question remains, how the singular values of the infinite Hankel matrix
I'. decay compared to the decay of the generating sequence c. Here, the following
recent theorem about the decay of singular values of Hankel operators comes to our
help, see [23].

Theorem 3.4. (Pushnitski and Yafaev). Let ¢ = (c)32, € {2, satisfy the decay
condition

cr = Ok Ylogk)™®), k— o0 (3.9)
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for some a > 0.
1. If 0 < e < 1/2, then the singular values of T'c satisfy the estimate

on(Fe) =O(N™%), N — o0,
and moreover,
oN(Te) = CoN™* 4+ 0o(N™?)

with Co = 27t~ (B(5%, 3))*, where B(-,-) denotes the Beta function.

2. Let A denote the forward difference operator with Acy = cx41 — ¢k, and let
recursively A™cy, = A™ tep g — A e, form > 1. If a > 1/2 and c satisfies
(3.9) and

A", = Ok~ "™ (log k) ™), kE— oo (3.10)

form=0,...,|a|+1, then

For a proof we refer to [23].

Remark 3.5. The estimates in Theorem 3.4 on the decay of the singular values of
the operator I'c imply that I'¢ is in the Schatten class S with the norm

ITellsy o = sup NYPop(Te) < 00

for p=1/c. It has been already shown by Peller [19] that I'c € S, with

o
HI‘CHZSQM = Zan(rc)p < o9,
n=1

if and only if ¢ is a sequence of Fourier coefficients for a function f in the Besov

space le,/ P The above theorem also implies that we can even have a decay of
singular values of I'c being faster than any polynomial. In [28] it has been shown
that for ¢, = (1 + k)™7, v > 1, the singular values of T’ satisfy

on(Te) = exp ( —m 27N+0(\/N)>, N — oo.

Using the considerations above, we arrive at the following result.

Theorem 3.6. Let fT(t) = 32, ck(f1) e be a function in H2. If ¢ = (cx(f7))52,
satisfies the decay conditions (3.9) and (3.10) for a > 1/2 then for each N € N,
(V)

there exists a vector of zeros zy .. .., ZJ(VN) determining a Takenaka-Malmquist sys-
tem {Bg}4_, such that the N-th adaptive partial Fourier sum fy = Z,ICV:()(f, By) 12 B
satisfies the asymptotic estimate

1f7 = fRlle <ONT
where C' does not depend on N.

Proof. From Theorem 2.1 and (3.2) it follows that f3, can be written in the basis
using {P; : k=0,...,N}, such that f3(t) = Y72, &e'™, where the coefficients &,
are of the form

N
- N), (N
Cr = E ag. )(z]( ))k.
i=0
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(V)

Here we have for simplicity assumed that the zeros z; ' are pairwise different. The
sequence € = (C;)p, determines a Hankel operator of rank N + 1. Thus, if ¢, (i.e.,
N) (N

the zeros z](- and the coefficients a; )) are taken such that

ITe —Tellpz—p2 = ony1(Te),

then it follows from (3.8) that ||c — €||;2 < on+1(Tc). By Theorem 3.1, this sequence
¢ can always be found, and by Theorem 3.4 we have on4+1(Fe) < O(N™%). The
assertion finally follows from Parseval identity,

177 = fRllzz = lle = €lle < |Te — Tellze = on41(Te) < ON°

with some C' being independent from N. d

4 Computation of adaptive Fourier sums

In this section we derive an algorithm to compute the partial adaptive Fourier
sums of f* in H?2. For this purpose , we suppose that we know the vector of Fourier
coefficients (cj(fT))E_, in the classical Fourier expansion for a sufficiently large L.

If £+ is a rational function in H? of the form q(e~%)/p(e~") with degq < degp =
M and p possesses pairwise different zeros, then our algorithm provides optimal
adaptive partial sums for any length N +1 < M + 1 to approximate f. Note that
for N = M we can represent fT exactly, i.e., f; = fT. If f is not rational, then
the theoretical results in the last subsection imply that we still find a very good
approximations of f* by adaptive Fourier sums.

First, let us assume that the sequence of Fourier coefficients c(f) = ¢ = (cx)3,
of some ft € H? possesses the form

M
c=cp(fT)=> a; %,  keN,, (4.1)
§=0

with possibly large M and with pairwise different zeros z; € D, and a; € C. However,
we assume that we are given only the classical Fourier coefficients ¢ = ¢ (f1) for
k=0,...,L with L > 2M + 3 and will compute the parameters a; Z;, j =0,..., M
in a first step by Prony’s method. In this section, we present an algorithm to solve
the problem of finding an optimal sequence & = ¢V) = (Cr)7, of the form

N) (o (N)yk (4.2)

for a pre-defined N < M such that
lc = ¢lle < ITe — Tell2z = on41(Te)

holds, i.e., ¢ is the optimal sequence for approximation by Theorem 3.1.

Once we have computed the sequence € in (4.2) by determining the appropriate
parameters aEN), zj(-N), j =0,...,N, we can find according to (3.2) the adaptive

N-th Fourier sum
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where the coefficients a§.N), j=0,...,N appear in (4.2) and where the P; are defined

by the zj(.N) in (4.2). If we are interested in representing the approximation fy of

fT in terms of the Takenaka-Malmquist basis, then we need to use z(()N), . ..z](VN)
from (4.2) to define the basis {B,}Y, and the corresponding coefficients béN) in the

representation f]'\t = Zé\f: 0 b§N) By can be obtained by employing the basis transform

as given in (2.4).

Our approach to find appropriate parameters zj(.N) and ag.N) in (4.2) consists of

two steps. In the first step we reconstruct the parameters @; and %; in (4.1) using a
Prony-like method, see e.g. [21,22,26].

Remark 4.1. If f* is rational then the representation (4.1) of cx(fT) is exact.
However, we emphasize that the idea can be applied in practice to all sequences
ce(fT) with sufficient decay. In the general case we obtain in the first step a very
good approximation of the form (4.1) if M is taken large enough. In our practical
experiments it has been usually sufficient to take e.g. M between 10 and 20 to get
approximations with accuracy 1078 or better.

Once the representation (4.1) of ¢ is known we will proceed in the second step
with a new algorithm to compute the sequence ¢ and particularly the parameters
a™ and zj(-N), j=0,...,N, in the shorter exponential sum (4.2) with N < M such
that ||c — €|,z < on41(T¢). Our method includes a numerical procedure to compute
all nonzero singular values of I'c. Knowing these singular values we will be able to
give an a priori estimate of the error ||c — €|,z that can be achieved using the new
sequence ¢™) built by the shorter exponential sum in (4.2) and thus of the L?-error

| fT — fx L2 achieved by the N-th adaptive Fourier sum f5.

Step 1: Computation of the representation (4.1) by Prony’s method. Let
us shortly summarize Prony’s method for the recovery of exponential sums. Assume,
we are given the coefficients ¢, = ¢, (f1), k =0,1,...,L, with L > 2M + 3, and we
want to compute @; and Z; in (4.1). First, we introduce the characteristic polynomial

M

(2= %) =Y pre" + parz™H
k=0

=

P(z) :=

§=0
with the help of the (unknown) zeros Z;, where it is clear that a monomial represen-

tation with coefficients py of P(z) exists and pys41 = 1. Using (4.1), we observe now
that

M+1 M+1 M M M+1

o v vk+m\ __ v oum vk
E PkCk+m = E Pk( E ajz; )— E ajz; Prz;
k=0 k=0 j=0 §=0 k=0

is true for all m > 0 and with the given coefficients ¢ we obtain the homogeneous
linear system
Co C1 ... CM41 Po 0
c1 €2 ... CMy2 D1 0
Hep = : : : : - S

cL—M-1 CL-M --- CIL DM+1 0
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where the coefficient matrix of size (L — M) x (M + 2) has Hankel structure, and
p = (po,...,prm+1)T contains the coefficients of the characteristic polynomial P(z).
Since the zeros Z; are assumed to be pairwise different, the Hankel matrix H¢ has
rank M +1 such that p is uniquely defined as the singular vector of H¢ corresponding
to the singular value 0 with the normalization py;41 = 1. The rank condition for
H,. follows from a factorization with Vandermonde matrices that can be directly
obtained from (4.1),

He = Vi (2) diag(d, ..., ) Vara(2)”

where
1 1 1
20 2 oo ZM
Vi (z) := . . . e CKxK,
cK—1 oK-—1 vK—1
Z Z e Zyp

These observations lead to the following algorithm to recover the parameters %;, a;
in (4.1) from the coefficients ¢, k =0,..., L.

Algorithm 4.2. (Prony method)
Input: M, c;, k=0,...,L with L > 2M + 3.

1. Compute the right singular vector p = (po, ..., 1)7 of Hc corresponding to
its smallest singular value.

2. Determine the polynomial P(z) with coefficient vector p and compute its M + 1
zeros Zj, j=20,..., M.

3. Solve the overdetermined linear system
M
> E =, k=0,...,L
§=0

using a least squares approach and determine a;, j =0,..., M.

Output: Parameters a;, z;, j =0,..., M.

Remarks 4.3. While theoretically, we are searching for the singular vector of H
to the singular value zero, in practice, we do not obtain the zero singular value
exactly. Usually, the considered sequence of Fourier coefficients will not exactly
be of the form (4.1), but we are interested in an approximation of the form (4.1).
Therefore we employ the singular vector corresponding to the smallest singular value
of H¢ in the first step. The zeros of the Prony polynomial are numerically found
by solving a corresponding eigenvalue problem for the companion matrix of P(z).
Stable algorithms for Prony’s method usually employ more than 2M + 3 values and
use e.g. singular value decompositions of (rectangular) Hankel matrices as well as
matrix pencil methods for evaluating the zeros Z;, j = 0,..., M. In our numerical
tests, we particularly use the APM method for stable evaluation of the parameters,
see [22].

Step 2: New algorithm to compute the approximating sequence ¢ in (4.2).

In the second step we will derive a method to compute an optimal approximation ¢
of ¢ using a shorter exponential sum. For that purpose, we want to apply the follow-
ing special theorem for infinite Hankel matrices with finite rank, see [1]. To formulate
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this result, we first recall the notation of con-eigenvalues and con-eigenvectors and
its correspondence to singular pairs of matrices.

Observe that I'¢ is symmetric. Generalizing the idea of unitary diagonalization of
Hermitian matrices resp. compact selfadjoint operators, we will apply the concept of
con-similarity and con-diagonalization, see e.g. [13] for the finite-dimensional case.

For an infinite Hankel matrix I'c we call A € C a con-eigenvalue with the corres-
ponding con-eigenvector v € £2 if it satisfies

L'ev=MAv.
Observe that for I'ev = Av also
Tc(elov) = e9T¥ = (e 71%\)v = (e 219N\ (e!V)

for all & € R. Thus, for each con-eigenvalue A of I'c we can find a corresponding real
non-negative con-eigenvalue o = |\| by this rotation trick. In the following, we will
restrict the con-eigenvalues to their unique nonnegative representatives.

The symmetric infinite Hankel matrix I'c with finite rank is compact and unitarily
con-diagonalizable, see [13]. Since I'c¥v = A\ v implies

(TiTe)v = TIAY = ATV = A\Lev = |\?v,

we directly observe that the nonnegative con-eigenvalues and con-eigenvectors of
I’ are also singular values and corresponding singular vectors of I'c. Conversely, for
symmetric matrices a singular pair (o, v) is also a con-eigenpair of I'y if the geometric
multiplicity of o is 1.

Theorem 4.4. Let the Hankel matriz T'c of rank M +1 be generated by the sequence
c of the form (4.1) with 1 > |%| > --- > |Zm| > 0. Let the M + 1 nonzero
singular values of T'¢ be ordered by size o9 > o1... > oy > 0. Then, for each
N € {0,...,M — 1} satisfying on+1 # ok for N +1 # k the Laurent polynomial of

(v (N+1))

the com-eigenvector vV — 2o corresponding to on41,

o0
(N+1)
N+1) E 7} s

=0

has exactly N +1 zeros z(()N), z](VN) in D, repeated according to their multipli-

(N) (N)

city. Furthermore, if z5 7, ...,z are pairwise different, then there exist coefficients
a((]N) (N)

Y € C such that for
N oo
~ S(N)\ ™ N)/ (N
™= (V) = [ XV (4.3)
- =0 1=0
we have
le — ™|z < onyr.
For a proof of this theorem we refer to [1] and to [3].

We will present now a computational method for the explicit computation of the
parameters aS-N) and z](-N), §=0,...,N of &™) in (4.3). In order to achieve this goal
we need to perform the following steps.
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Step i) We have to find a numerical procedure to compute the singular pairs

(on, v(”)) of the infinite Hankel matrix I'¢ for n =0,..., M.

(™)

Step ii) We have to find all zeros 2; " of the expansion P v+1)(2) lying inside D.

Step iii) In a final step we have to compute the optimal coefficients ag-N) in (4.3).

Step i) To derive the numerical procedure to compute the singular pairs of I'c, we
investigate the special structure of the con-eigenvectors of I'¢ corresponding to the
non-zero con-eigenvalues (resp. singular values). We can show the following result
that provides us with an algorithm to compute all non-zero singular values of I'¢
and the corresponding con-eigenvectors exactly by solving a con-eigenvalue problem
of size M + 1.

Theorem 4.5. Let ¢ be of the form (4.1). Then the con-eigenvector v = (v (l)),C 0

of T¢ corresponding to a single nonzero singular value op of T, 1 € {0,1,...,M} is
given by
0 _ 1=, 0
_(1 o () ok
U= Zajbj Z, k € Ny, (4.4)
(e
where the vector b®) = (b(()l), . ,bg\l})T 1s the con-eigenvector of the finite con-eigenvalue
problem
AM+1ZM+1b = O'lb (45)
with
5 1 1 1
aO 0 1_|120|2 1750%1 17510§]w
dl _ > s 15,12 s 5
Ay = . Y AVEREE =55 1713 . 1=#12m
5 1 1 ' 1
0 oM 1—2050s 1—%1 50 o 1—[Zm?

Proof. Let (al,v(l)) with o; # 0 be a con-eigenpair of ¢, i.e., [evl) = o v, We
determine bg-l) = Zfoovq(nl) "= P, (%) for j =0,...,M. Then it follows by (4.1)

] v
that
00
(1 v v
oy = Cev®)=3" crrol) ZZ% £
r=0 r=0 j=0
o l vk o 1) ¢k
S NI SN,
7=0 r=0 j=

for all k € Ny, and hence (4.4) is true. Relation (4.5) is now a consequence of (4.4)
observing that

(l) 00 B 00 M n B M dj b(l)
by =Y w0 G =Y (Y ah ) G =Y T ()
r=0 r=0  j=0 j=0 * T %~k
fork=1,..., M. O

Step ii) In particular, it follows from Theorem 4.5 for all N = 0,..., M that the
Laurent polynomial

0o 1 () M (N+1) <k 1 M G b(N+1)
N+1 < 7(N+1) o J
Pyovin (2) ::E:vl(g +)Zk:U E:(E:G’j j Zj)zkza E 1 =
k=0 N+1 20 Y=o N1 L= 252
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is a rational function with numerator being a polynomial of degree at most M. Thus,
in order to find the zeros of P,v+1)(2) we only need to compute the M zeros of the
numerator in this rational representation. By Theorem 4.4 we will find exactly NV +1

ZEros z(()N), cy Z](VN) in D.
Step iii) Once we have computed the zeros z(-N), j =0,...,N, we can find the

J
optimal coefficients aé-N) by solving a least squares problem.

We combine our observations with Theorem 4.4 and obtain the following algorithm

to compute all parameters of the desired approximation ¢V).

Algorithm 4.6. Algorithm to compute the representation (4.2).

Input: Representation (or approximation) (4.1) of ¢ with z; € D and a; € C\ {0},
j=0,....,M,
target approximation error e.

1. Solve the con-eigenproblem for the matrix Ar11Zpr11, determine N such that
oN+1 is the largest singular value with ox41 < € and determine the correspond-
ing con-eigenvector vAVD.

2. Compute the N + 1 zeros Z](N) eD, j=0,...,N, of the con-eigenpolynomial

P,n11)(z) of T'¢ using its rational representation (4.7).

(N)

3. Compute the coefficients a; "’ by solving the minimization problem

> N

_min |[lc— 6||%2 = min Z lex — Zaj(Z](N))kP-

a0, AN 0, BN
k=1 ]:1

(N)

Output: parameters Zi 5, a
that [[c — €||;z < ont1 < e

E-N), j=0,...,N, to determine ¢ of the form (4.2) such

Remarks 4.7.

1. Note that a related idea of dimension reduction has been used by Beylkin and
Monzén in [6]. But in contrast to the above approach, they considered the rank
reduction of a finite Hankel matrix.

2. Since Apry1Zp41 is con-diagonalizable by Theorem 4.5, it follows that

AM+1 ZM+1B:E2, and AM+1ZM+1§:BE

with B = (b(® ... b(™)) containing the con-eigenvectors of Ay, 1Zas41 and with
¥ = diag (0o, ...,0nr). Therefore

- JE———
Ay Zyi1i Ay ZyB=Ay1Zy1 BB Ayi1ZyB =BY?

ie, Ayr1Zy+1Apm+1Zy+1 has only real nonnegative eigenvalues A\; = 0]2-.

Conversely, if ()\j,w(j)) is an eigenpair of Apr11Zpyr+1An+1Zyr+1, then bl .=

AMHZMHWU) + JjW(J) is a con-eigenvector of Ajr11Zpr41 to the con-eigenvalue
oj = y/Aj, since

AM+1ZM+1BO) = Ayi1Zy1(Anr1Zar w9 + o;w))

= Ayt Zyi A1 Zyiw9) + 0j A Zyg g w')
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— O—JQW( ) 4 UyAM+1ZM+1W(]) = 0; b
Thus, to solve the con-eigenvalue problem in step 2 of Algorithm 4.6, we can employ
a usual eigenvalue-decomposition of Apri1Zarr1Ar+1Zpr41-
3. Usually, the singular values of Apr41Zps41 decay very fast. There are several
possibilities to improve the numerical stability of the necessary SVD for this matrix
product. Indeed, Apsy1Zasy1 can be understood as a Cauchy matrix since

ai/z )
(Ap1Znv1) ik #, Jik=0,..., M.
1/2; — Zp

For accurate singular value decomposition we refer to the algorithm proposed by
Demmel [9] that is based on a rank revealing decomposition with complexity O(M?3).
Further ideas to overcome instability issues can be found in [11] where the con-
eigenvalue problem is explicitly solved.

4. Observing that the components ¢ have the form (4.1) and the ¢, have the form
(4.2), the £2-minimization problem for infinite sequences in step 3 of Algorithm 4.6
can be reformulated as a finite-dimensional least squares problem,

oo oo
min |c —&|% = min ( —2Re Z CkCr + Z |5k;!2>
a 7 7
k=0

a07 7aN
N M [e's) ™) N N 00 (M)
_ . N)g \k = N —(N)\k
— i (e Y am R Y Y
7=0 =0 k=0 7=0 i= k:O
a;id; NN a;a;
o . j 3 g Ui
= aO{mn ( 2Re Zl +Zzl—z(N)z(N))7
7=0 =0 Zq 7=0 =0 j i
where the values %;, z](.N) and a; are known. In practice, if only L+ 1 sequence values
cg, k=0,...,L are given, then the minimization problem may be replaced by
L N )
2 _ . ~ N)\k2
_min cp —C mln Cp — a;(z

5 Greedy approach for adaptive Fourier sums

We want to compare the algorithm proposed in the last section with a greedy ap-
proach. This method is very simple to implement but less efficient as we will show
in the numerical experiments in Section 6. Again, we assume that we know a vector
(ck(f))E_, of Fourier coefficients of f with sufficiently large L.

The idea is now to approximate the vector c(®) = (¢( f))ﬁzo by a sequence of
the form (aozlg)ézo where we try to choose ag and zg in an optimal way. Then we
consider the residual

o) = e — (apeh)bg

and repeat this process. The iteration stops once we have achieved
l™]l2 < e

for some N < L and predefined tolerance e.
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At each iteration step we do the following. For given data c\¥) we apply Prony’s
method in Algorithm 4.2 for the special case M = 1. In this case, the characteristic
polynomial is given by

POG) = (2= 2) =z + 2,

() ()

ie., p;’ = —z; and p;’ = 1. The Hankel matrix H_(;) is now of the form
c(()j) ng)
H) = Cg:]) C%J) (5.1)
ngl Cg )

and we have to compute (péj ),pgj ))T as the singular vector of H_(;) to the smallest

singular value with the normalization pgj ) = 1. Observe that (H,))*H() is only of
size 2 x 2. Having fixed z; in this way, we compute the constant a; by solving the
overdetermined equation system

with the result
(c(j))TC(j)

(c) )T(zj’?)ﬁzo '

(5.2)

aj; =

Finally, we compute the residuum ¢t := ¢ — (a; ij >£:0~ The complete algorithm
is summarized as follows.

Algorithm 5.1. Greedy algorithm for adaptive Fourier sums.
Input: ¢, £k =0,..., L for sufficiently large L.
1. Initialize ¢ = ¢ := (¢;)E_, and j := 0.
2. While [[c|j2 > €
a) Compute the right singular vector p = (—z;,1) of H in (5.1) correspond-
ing to its smallest singular value.
b) Compute the coefficient a; according to (5.2).
c) Update
ci=cCc— (ajzf)ﬁzo
and j:=7+ 1.
3. Set N:=j5—1.
Output: Parameters IV, aj, 2z, j =0,..., N.
Alternatively, the update of the coefficients a; in iteration step 2b) can be done in
a global way to obtain the best approximation that can be achieved with an adaptive

basis with the zeros zp, ..., z; found so far. In this case, we replace the step 2b) by
solving the least squares problem

L J
min g |ck—E ag 252
aQ,..., ;5

k=0 =0

In our numerical experiments, we will compare this simple approach with the results
of Algorithms 4.2 and 4.6 in Section 4.
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Figure 1 The original nodes z1,...,210 (red stars) and the new nodes z%N), .. .,z}VN) obtained by Al-

gorithm 4.6 (blue circles)

6 Numerical Examples

In this section we present two numerical examples demonstrating the performance
of our algorithms. In both examples we set a priori z(()N) = 0 and take the Fourier
coefficient cy(f) independently. Then we approximate the Fourier coefficients cg(f)
as described in the previous subsections, but starting with k = 1.

0
Example 1. We approximate the rational function f(t) = > (1_2*“) with the
(=1
classical Fourier expansion f(t) = > 30 cx(f)e*® where
10
cr(f) =Y a%, keN. (6.1)
/=1

In this example, we have ap = 0, Zy = 0, and the further parameters %;, a;, j =
1,...,10, in the representation (6.1) have been obtained by applying a generator of
random numbers in D and are given as follows:

Z1 —0.5609 + 0.1737: ax —0.2978 4 0.48761
Z9 0.0734 — 0.14851 a2 —0.2515 + 0.45561
Z3 0.4582 — 0.3709:¢ as 0.1405 4 0.38131
Z4 0.2030 — 0.0861% o —0.2817 — 0.2871¢
Zs | | —0.3715 - 0.0216¢ as | 0.3893 + 0.11321
% | | —0.1573 —0.4553i |’ ag | 0.5792 — 0.57301¢
Z7 —0.0471 4 0.1074¢ ar 0.2763 — 0.0897¢
28 0.5780 — 0.32861 as —0.1873 — 0.2247¢
Zy —0.4123 — 0.1385¢ a9 0.1009 — 0.40621¢
210 0.4266 + 0.09961 a1o0 —0.4707 — 0.3855¢

and by
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Real part, N=1 Real part, N=3 Real part, N=5
3 3 3
2 2 2¢
3 -3 -3
2 0 2 2 0 2 2 0 2
Imaginary part, N=‘1 Imaginary part, N=3 Imaginary part, N=§
3 3 3
2 2+ 2+

-2 2

-2

0

-2 0 2

Figure 2 The real and imaginary parts of the original function f (blue solid line), the Fourier approzima-

tion SN (f) (green dotted line), the Greedy adaptive Fourier sum f](\,
Fourier sum fN (red dash-dot line) for Example 1.

the N-th adaptive Fourier sum. Here we have taken z

parameters a§-N) and the zeros Z](N)

G)

(N
0

,j=1,..., N, determining the adaptive Fourier

(magenta dashed line) and adaptive

) = 0, a(()N) = co(f). The

basis { P; }jvzl have been computed by Algorithm 4.6 for N = 1,...,9. The obtained

nodes ZJ(»N) are displayed for N = 1, N = 3 and N = 5 in Figure 1. Further, we
denote the sequence of adaptive Fourier sums obtained by the greedy Algorithm 5.1
by

N
colf)+Y ) Py,

k=1

where again zp = 0, aéG) = ¢o(f), and the consecutively obtained zeros z;, j =
1,..., N are taken to determine the adaptive Fourier basis {Pk}é\;g- In Figures 2
and 3 we compare the function f with the N-th adaptive Fourier sum fy, the N-
th adaptive Fourier sum F ](\,G) and the classical Fourier sum Sy (f). In Figure 3 the
corresponding error functions are displayed. Furthermore, in Table 1 we compare the
errors of the computed Fourier sums || f — fn||z2 and || f — fJ(VG)HLz for N=1,...,9
and the singular values oy of the matrix Ai9Z1g.

Example 2. We approximate the real function f(t) = > po; cx(f)sin(kt) with
cx(f) = 1/k?, k € N. First, using the samples ¢ (f) for k = 1,...,101, we apply
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Real part error, N=3
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Figure 3 The error |f(t) — Sx(f)(t)| (green dotted line), |f(t) — f$G(t)| (magenta dashed line) and
|f(t) = fn(t)] (red solid line) for the real and imaginary part of the functions for t € [—m, 7] on the x-axis
for Example 1.
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N oN 1f — e, 1f = £,
1 7.0672e-01 6.9094e-01 2.9125e+00
2 1.3593e-01 1.3484e-01 5.5597e-01
3 4.5874e-02 4.5843e-02 1.7501e-01
4 9.8703e-03 9.8537e-03 1.6970e-01
5 3.6531e-03 3.6526e-03 3.8253e-02
6 1.1020e-04 1.1020e-04 1.8900e-02
7 1.0701e-05 1.0701e-05 1.3875e-02
8 8.0077e-07 8.0077e-07 6.4196e-03
9 1.3831e-07 1.3831e-07 5.8672e-03

Table 1 Comparison of the errors of adaptive Fourier sums for Example 1.

the APM method in [22] and obtain beside the a priori fixed Zp = 0 and Go = 0 for
M = 11 the zeros Z; and coefficients a;, j =1,...,11,

21 0.9890 ax 0.0002
Z2 0.9621 G2 0.0014
Z3 0.9166 as 0.0049
Z4 0.8493 G4 0.0129
Zs5 0.7577 as 0.0289
Zs | = | 0.6415 ag 0.0567 |,
Z7 0.5042 ar 0.0997
Z8 0.3543 ag 0.1571
Z9 0.2078 g 0.2163
Z10 0.0870 a1o 0.2438
211 0.0148 a1 0.1780
such that
1 11
= alf)malf) =) a7 (6:2)
j=1
We compute the zeros zj(-N) and the coefficients ag-N), j=1,..., N of the shorter
sums of the form (4.2) by applying Algorithm 4.6, again with z(()N) =0, a(()N) =

co(f) = 0. The obtained parameters are given in Tables 2 and 3.

The corresponding Fourier sums fy, fJ(VG) and Sy(f) are given in Figure 4 for
=

N = 1,3 and 5. The errors on the interval [0,271] are displayed in Figure 5. The
errors || f — fn ||, and ||f — f ](VG) ||z, for the Fourier coefficients as well as the singular

values o1 of the matrix Aj1Z; are given in Table 4.
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N[ 1 2 3 1 5 6 7 8 9 10

2™ 10.3535 0.2115 0.1501 0.1128 0.0855 0.0649 0.0494 0.0376 0.0286 0.0213
AN 0.8110 0.6595 0.5395 0.4351 0.3458 0.2721 0.2124 0.1640 0.1239
2V 0.9421 0.8601 0.7619 0.6557 0.5508 0.4532 0.3652 0.2856
AN 0.9760 0.9272 0.8553 0.7666 0.6684 0.5667 0.4636
2N 0.9853 0.9504 0.8943 0.8191 0.7284 0.6244
2V 0.9881 0.9587 0.9102 0.8417 0.7528
AN 0.9888 0.9614 0.9154 0.8484
2V 0.9890 0.9620 0.9165
2V 0.9890 0.9621
2 0.9890

Table 2 Adaptive zeros Z§N) obtained for N = 1,...,10 to determine the optimal basis
Fourier sum fy in Example 2.

of the adaptive

N 1 2 3 1 5 6 7 8 9 10
a™10.9677 0.9115 0.8043 0.7020 0.6029 0.5101 0.4272 0.3547 0.2914 0.2347
al™ 0.0865 0.1875 0.2662 0.3226 0.3538 0.3612 0.3498 0.3250 0.2904
al™ 0.0080 0.0304 0.0666 0.1109 0.1544 0.1895 0.2124 0.2216
a{™ 0.0013 0.0074 0.0218 0.0451 0.0744 0.1053 0.1334
al™ 0.0004 0.0030 0.0101 0.0235 0.0434 0.0686
al™ 0.0003 0.0018 0.0064 0.0157 0.0316
al™ 0.0002 0.0015 0.0052 0.0133
al™ 0.0002 0.0014 0.0049
al™ 0.0002 0.0014
a{) 0.0002

Table 3 Coefficients alg-N) for adaptive Fourier sum fn obtained for N =1,...,10 in Ezample 2.

N on If = Sl | 1F = 1,
1 1.1078e-01 1.1057e-01 8.2932e-02
2 2.2710e-02 2.2693e-02 6.0175e-02
3 6.0753e-03 6.0538e-03 1.1511e-02
4 1.6706e-03 1.6635e-03 6.8640e-03
5 3.9237e-04 3.8919e-04 1.5419e-03
6 7.4187e-05 7.3599e-05 1.0114e-03
7 1.1081e-05 1.0949e-05 6.1344e-04
8 1.2559e-06 1.2382e-06 4.5046e-04
9 9.8620e-08 9.6716e-08 2.9683e-04
10 4.2914e-09 9.6368e-09 2.8196e-04

Table 4 Comparison of the errors of adaptive Fourier sums for Example 2.
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Figure 4 The original function f (blue solid line), the Fourier approzimation Sy(f) (green dotted line),

the greedy adaptive Fourier sum f](\,G) (magenta dashed line) and the adaptive Fourier sum fy (red dash-

dot line).
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