
4.1 Persistence distance and its properties
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Fig. 4.1: Spline function f in Example 12 (left), corresponding persistence diagram (right).

Algorithm 4.3 provides now with K0 = {1, 2, 3, 4} = {f(x8), f(x1), f(x3), f(x5)} the set
of persistence pairs

P1 = {(x1, x2), (x3, x4), (x0, x5)}.

The global minimum knot x6 and the local maximum knot x8 at the boundary do not
occur in any persistence pair.

Example 13:
Let us consider a second example with degenerate local extrema. Consider the vector
y = (1, 0, 1, 0, 1, 0, 1, 0, 1) on the equidistant partition X = {x

j

}8
j=0 with x

j

= j. New
Figure ?

According to our definition, we find now for this degenerate case the sets

Y m = {1, 1, 1, 1, 1}, Y
m

= {0, 0, 0, 0}
Xm = {x0, x2, x4, x6, x8}, X

m

= {x1, x3, x5, x7}.

Algorithm 4.3 provides now withK0 = {1, 1, 1, 1, 1} = {f(x0), f(x2), f(x4), f(x6), f(x8)}
the set of persistence pairs

P1 = {(x2, x3), (x4, x5), (x6, x7)}.

The minimum knot x1 and the local maximum knots x0 and x8 at the boundary do not
occur in any persistence pair.

Remark 3:
In computational topology, the persistence pairs are usually visualized by barcodes [9]
or by a persistence diagram, see e.g. [15, 41]. Each persistence pair (x

k

, x
l

) corresponds
to the point (f(x

k

), f(x
l

)) in the persistence diagram, and the distance of this point to
the line y = x, i.e., the distance |f(x

k

) � f(x
l

)| gives us some information about the
“topological relevance” of these two local extrema of f . Important features correspond
to points being further away from the diagonal, i.e., to persistence pairs (x

k

, x
l

) with
significant distances |f(x

l

) � f(x
k

)|. In Figure 4.1 (right) the persistence diagram for
Example 12 is illustrated.
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